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Abstract: We introduce a class of regularisable infinite dimensional principal fibre bundles 



which includes fibre bundles arising in gauge field theories like Yang-Mills and string theory 
and which generalise finite dimensional Riemannian principal fibre bundles induced by an 
isometric action. We show that the orbits of regularisable bundles have well defined, both 
heat-kernel and zeta function regularised volumes. We introduce two notions of minimality 
(which extend the finite dimensional one) for these orbits, using both heat-kernel and zeta 
{Sj ! function regularisation methods and show they coincide. For each of these notions, we give 



an infinite dimensional version of Hsiang's theorem which extends the finite dimensional 
case, interpreting minimal orbits as orbits with extremal (regularised) volume. 



. 0. Introduction 

This article is concerned with the notions of regularisability and minimality of orbits for an 
(2JT)' isometric action of an infinite dimensional Lie group G on an infinite dimensional manifold 
V. Our study is based on heat-kernel regularisation methods. Notions of regularisability 
and minimality have already been studied by other authors (see [KT], [MRT]) in a particu- 
lar context and using zeta function regularisation methods. We shall confront the different 
approaches to these notions as we go along. 

We shall introduce a class of principal fibre bundles called (resp. pre-) regularisable fibre 
bundles which generalise to the infinite dimensional case finite dimensional Riemannian 
principal fibre bundles arising from a free isometric action. We show that the fibres of these 
(resp. pre-) regularisable bundles have a well defined (both heat-kernel and zeta function) 
regularised (resp. preregularisable) volume which is Gateaux differentiable. This class 
of (pre-) regularisable fibre bundles includes some infinite dimensional principal bundles 
arising from gauge field theories such as Yang-Mills and string theory. 

We introduce various notions of minimality, heat- kernel minimality and strong heat-kernel 
minimality using heat kernel regularisation methods on one hand and zeta function mini- 
mality, using zeta function regularisation methods on the other hand, all of which extend 
the finite dimensional notion and coincide in the finite dimensional case. Whenever the 
structure group is equipped with a fixed Riemannian metric, we show that (strongly) 
minimal fibres of a (pre-)regularisable principal fibre bundle coincide with the ones with 
extremal (pre-)regularised volume among orbits of the same type for the group action, 
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the regularisation being taken in the heat-kernel sense. This gives an infinite dimensional 
version of Hsiang's theorem on (pre-) regularisable principal fibre bundles with structure 
group equipped with a fixed Riemannian metric, which we extend (adding a term which 
reflects the variation of the metric on the structure group) to any (pre- ) regularisable 
principal bundle. 

Starting from a systematic review of the notions of heat-kernel and zeta-function regu- 
larised determinants in section I, in section II we introduce the notions of regularisable 
principal fibre bundle, heat-kernel ( pre) regularisability and heat-kernel (strong) minimal- 
ity of orbits, relating (strong) minimality with the Gateaux-differentiability of heat-kernel 
(pre-) regularised determinants interpreted as volumes of fibres. In section III, we com- 
pare these notions to zeta-function regularisability and minimality, relating the latter to 
Gateaux-differentiability of zeta-function regularised determinants. We show that the two 
notions of regularisability and minimality coincide on the class of fibre bundles we consider. 
The relations we set up between the regularised mean curvature vector and the directional 
gradients of the regularised determinants yield an infinite dimensional version of Hsiang's 
theorem from both the heat-kernel and the zeta function point of view. In Appendix A , 
we apply these results to the coadjoint action of a loop group thus recovering some results 
concerning regularisability and minimality of fibres studied in [KT]. In Appendix B, we 
investigate minimality of the orbits in the case of Yang-Mills action, for which a notion 
of (zeta function ) minimality had been suggested in [MRT] from which our notion differs 
slighlty. We point out the fact that when the underlying manifold is of dimension 4, only if 
the irreducible connections are Yang-Mills, do the notion of zeta function and heat-kernel 
minimality coincide. In both examples, the space V, resp. the group G are modelled on a 
space of sections of a vector bundle £, resp. T with finite dimensional fibres on a closed 
finite dimensional manifold M and G acts on V by isometries. 

One could show, in a similar way to the Yang-Mills case, using results of [RS] that the 
bundle Ai-i — > ,M_i/Diffo (described in [FT]) arising in bosonic string theory ( where 
M.-1 is the manifold of smooth Riemannian metrics with curvature —1 on a compact 
boundaryless Riemannian surface of genus greater than 1 and Diff is the group of smooth 
diffeomorphisms of the surface which are homotopic to zero), is also a regularisable fibre 
bundle so that most results of this paper can be applied to this fibre bundle. However 
since, unlike the case of Yang-Mills theory, its structure group Diffo is not equipped with a 
fixed Riemannian structure but with a family of Riemannian metrics which is parametrised 
by g e JA-i, minimality of the fibres is not equivalent to extremality of the volumes of the 
fibres (see Proposition 2.2), and we chose not to treat this example in detail in this paper. 

The geometric notions developped in this paper play a important role when projecting a 
class of semi-martingales defined on the total manifold onto the orbit space for a certain 
class of infinite dimensional group actions. The heat-kernel regularisation method yields 
natural links between the geometric and the stochastic picture, which we investigate in 
[AP2] . The stochastic picture described in [AP2] leads to a stochastic interpretation of the 
Faddeev-Popov procedure used in gauge field theory to reduce a formal volume measure 
on path space to a measure on the orbit space, the formal density of which is a regularised 
"Faddeev-Popov" determinant. 
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I. Heat-kernel and Zeta-function regularized determinants 

In this section, we recall some basic facts about heat-kernel and zeta function regularised 
determinants, comparing the two regularisations. Although the results presented here are 
well known and frequently used in the physics literature, it seemed necessary to us to 
give a clear and precise presentation of the heat-kernel and zeta function regularisation 
procedures for later use. 

Let us first introduce some notations. For a function t i— > /(£), defined on an interval of 
M + * containing ]0, 1], we shall write f(t) ~ EjL _ -j » a j e M, J, K e IN , m e IN* , if 
there exists a constant C > 0, such that 

K-l 

\f(t) - a i t ™\ < Ct ™ V 0<t<l (1.0) 

3 = -J 

In the following, we shall always assume that J > m. 

Lemma 1.0: Let (A £ ),e g]0, 1] be a one parameter family of trace-class operators on a 
separable Hilbert space H (in particular tr(Ai) is finite) such that: 

1) s — > trA £ is differentiable on ]0, 1[ 

2) 3J G 2ZV,m G IN*, (aj)je{-j,... aj e JR such that 

d _1 

— (trA e ) ~ Yl £ ™ a i' ( L1 ) 



Then the expression trA e — J —HL S m _ a_ m loge converges when e — > 0. 

j=-J+m J 

Remark : In the following, we shall not distinguish the two cases and adopt the convention 
that the sum from — J + m to — 1 is zero whenever J = m. 



Proof: To show this, let us set for < e < 1, g £ = trA £ — J2j=-™+ m 
a_ m loge. For < e < e' < 1, we have: 

re' d - 1 

\g £ -9e'\< J l^( tr74 *)~ t " na M t 
< C(e' -e)< Ce' by (1.1) 



■ — — 
-£ m — 
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so that (g £ ) is a Cauchy sequence and hence converges when e — > 0. From the convergence 

of g £ then follows the convergence of trA £ — X^=-j+ m j/o ma, j~ m e™ — a_ m log£ when £ 
goes to zero since the terms indexed by 0, 1, • • • , — 1 + m converge when e — > 0. 



Definition: Whenever t?A £ — X^=-j+m m "j m e™ — a_ m loge converges when e — > 0. We 
shall call the limit the regularized limit trace of the family „4 = (A e ) and denote it by 
tr re5 (^4) so that 

-l 

tr re9 (^4) = lim(tr^ e - ^ 3 -—^e™ - a_ m loge) (1.2) 

j=-J+m ^ 

This regularised limit trace depends of course on the whole one parameter family and on 
the choice of the parameter s. 



Let B = (B e ) be a one parameter family of strictly positive self adjoint operators such 
that A = (A e ) with A e = logS e is a family of trace class operators. We can define the 
determinant of B £ as detS e = e^ r 1°S B =. If the family A = (A £ ) has a regularized limit 
trace, we shall define the regularized limit determinant of the family B by 

det reg B = e tTr ^ A) (1.3) 



We now introduce a family of heat-kernel operators which play a fundamental role in this 
paper. For this we define for e > a function h £ by: 



h e : M + * -> iR 
A i— > e 



Notice that /i e is C°°, non decreasing and (\ogh £ )' (X) = A 1 e eX . Writing \ogh £ (X) — loge = 
- J g °° ^cft - f * ^cft + £ f eft, we find that 

lim ma) = x x ^fi M -j 7 ^ s) 

e^O e 

For a strictly positive self adjoint operator Bona Hilbert space H, we can define h £ (B) 
which yields a one parameter family of operators B £ = h £ (B). 

Definition: If \ogh £ (B) is trace class, we can define 

det e (B) = e tr lo g^ B ) (1.4) 
4 



Definition: Let B be a strictly positive self-adjoint operator on a separable Hilbert space. 
Whenever the one parameter family B = (h e (B)) has a regularized limit determinant, 
we shall call this limit the heat-kernel regularized determinant of B and we denote it by 
det re g(B). 

We have 

det reg B = det reg (B) = ^W^) (1.5) 
with B=(h e (B)), A =(logh e (B)). 

In the following, we give conditions under which we can define the heat-kernel regularized 
determinant of an operator B. But before that, let us state an easy lemma which will 
prove to be useful for what follows. 

Lemma l.l:Let B be a strictly positive self-adjoint operator on a separable Hilbert space 
such that e~ eB is trace class for some e > 0. Then A e = logh £ (B) is also trace-class. 

Proof: Since e~ sB is trace class, it is compact and hence has a purely discrete spectrum 
{/U n ,n G M}, n n > 0, (i n tending to zero. Hence B = — e _1 log e~ sB also has purely 
discrete spectrum A n = — e~ 1 \ogfi n which tends to infinity and is bounded from below 
by a strictly positive constant. Let A no be a non zero eigenvalue and let us index the 
eigenvalued in encreasing order so that A n < A n+i . We have: 

_ r°° -t\ n 
n>no e n>no 

n>no 

The last expression is finite by assumption so that J2 n >n I IT e t " dt\ is finite and A e is 
trace class. ■ 



Lemma 1.2 : Let B be a strictly positive self-adjoint operator on a separable Hilbert 
space such that 

1) e~ eB is trace class for any e > 0. 

2) There is a family {bj)j=-j,—,Q , bj £ JR and an integer m > such that 



m— 1 



3=-J 

Then the operator S has a heat-kernel regularised determinant and we have 



. = j _i em _ 6o log £ 

(1.6) 



det reg S = lim I det e Se / — 

mb a r 00 
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with 

m— 1 

F(t) =tre~ tB - W™- ( L7 ) 
i=-J 

Remark: If the Hilbert space H the operator B acts on is finite dimensional of dimension 
d, since lim £ ^o tre _eS = d = bo, (1.6) yields det re3 S = lim e ^o(det e -B£ _d ). 



Proof: By Lemma 1.1, we know that A £ = — J g ^ — (it = log/i e (i?) is trace-class. Since 
all the terms involved are positive, we can exchange the integral and sum symbols so 
that trA £ = — J e °° tr^ — dt. We now apply lemma 1.0 to show that the family A £ has 
a regularized limit trace. The map t — > trA t is differentiable and by assumption 2), for 
t > 0, we have 



d A e~ tB ^ , i-m F(t) ^ , i 
-trA t = tr— = b i*~ + E W" + -p (1-8) 

j=-J j=-J-m 

where F is as in (1.7) and \F(t) \ < Ct. Thus, taking K = in (1.0), we have: 

j=-J-m 

so that we can apply Lemma 1.0 from which follows (replacing J by J + m and aj by 
6j_i_ m ) ) that the one parameter family A = (A s ) has a finite regularized limit trace 

tr re5 (^4) = lim e ^ (tr^4 g — Xlji-j+m —j 2 -^™ — boioge). Hence, by (1.5) B has a heat-kernel 
regularized determinant: 

= lim (det £ Be-^=-J ^"""^g^ . 

Since trAi = — ti^—dt, integrating (1.8) between £ and 1 yields 

^ rofc,- i L , ^ mbj f 1 F(t) , f 00 e~ tB , nN 
trA e - 2^ — ^-£- - 6 log£ = - 2^ ^ 1 dt- tr eft. (1.9) 

j=-J,j¥0 j j=-J,m 3 Je 1 Jl 1 

Since m > 1, we have 

— 1 ^ TO — 1 ^ 

lim(trA e — ^ — r^-e™ — 6 log£) = lim(trA e — ^ — -r-e~ — 6 log£) 

3 = -J 3 ./ J,j •• " 3 

which combined with (1.9) and using (1.4) yields (1.6). 
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Notice that the integral J* £ ^--jp-dt is absolutely convergent. Indeed, by assumption 2), 
\F(t)\ < Ct for some positive constant C. ■ 



The following lemma gives a class of operators which fit in the framework described above. 

Lemma 1.3: Let B be a strictly positive self adjoint elliptic operator of order m > on 
a compact boundaryless manifold. For any e > 0, e~ eB is trace class and B has a well 
defined heat- kernel regularised determinant. 

Proof: We shall show that the assumptions of Lemma 1.2 are fulfilled. 

Condition 1) in Lemma 1.2 follows from the fact that a strictly positive s.a elliptic operator 
on a compact boundaryless manifold has purely discrete spectrum (A n ) ne ^v, \ n > 0, 
A n ~ Cn a , for some C > 0, a > ( see e.g [G] Lemma 1.6.3). Indeed, from this fact easily 
follows that tre _eS = J2 n e~ eXn is finite. 

Conditions 2) of Lemma 1.1 follow from the fact that for a s.a elliptic operator B of order 

m on a compact manifold of dimension d without boundary, tre~* B ~o Yl J K =-d a j^" 1 f° r 
any K > (this follows for example from Lemma 1.7.4 in [G]). Applying lemma 1.0, we 
can therefore define the heat-kernel regularized determinant of B. ■ 

The above definition extends to a class of positive self-adjoint operators which satisfy 
requirements 1) and 2) of Lemma 1.2 and have possibly non zero kernel. Requirement 
1) of the lemma implies that this kernel is finite dimensional. Let Pb the orthogonal 
projection onto the kernel of the operator B acting on H and let us set H = (J — Pb)H. 
Let us assume that H 1 - is invariant under the action of B so that we can consider the 
restriction B' = B/H ± . The operator B' satisfies requirements of Lemma 1.2, namely 

1) e~ eB is trace class for any e > 0. 

2) There is a family (6j-)j=-j,...,o > E M and an integer m > such that 

m — l 

tre~ eB ' ~ Yl b 'j £ ™- 
j=-J 

where b'j = bj for j ^ and b' Q = bo — dimKerB. 
Under assumption 1), we can extend definition (1.4) and define: 

det;S = e tr lo SMB') 

Under assumptions 1) and 2), the operator B' has a heat-kernel regularised determinant 
det' B = lim ( det e B'e~^-, ^--Uog e+ ( dim Ker B)logA 
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Let us at this stage compare the heat-kernel regularised determinant with the zeta-function 
regularised one. We refer the reader to [AJPS], [G] for a precise description of the zeta- 
function regularisation procedure and only describe the main lines of this procedure here. 

Recall that for a strictly positive self adjoint operator B acting on a separable Hilbert space 
with purely discrete spectrum given by the eigenvalues (X n ,n G IN) with the property 
A n > CYi a , C > 0, a > for large enough n, we can define the zeta function of B by: 



Furthermore, Cb( s ) admits a meromorphic continuation on the whole plane (see e.g [G] 
Lemma 1.10.1) which is regular at s = and one can define the zeta function regularized 
determinant of A by 

Det reg (B) = e - c s(°) (i.io) 

Remark: From the definition, easily follows that in the finite dimensional case the zeta- 
function regularised and the ordinary determinants coincide. 

The following lemma compares the two regularizations. 

Lemma 1.4: Let B be a strictly positive self-adjoint densely defined operator on a Hilbert 
space H such that 

1) B has purely discrete spectrum (A n ) n6 jv with A n > Cn a ,C > 0, a > for large 
enough n, 

2) 

m— 1 

3J > 0, m > 0, (6j) J= _j ) ... )m _i such that tre _eS ~ ^ ^j e ~ 

3 = -J 

Then 

T>et reg B = e- lb °(det reg B) 

where 7 = linin^^ (1 + 1 + • • ■ + ^ — logn) is the Euler constant and bo is the coefficient 
arising in the heat- kernel expansion of £?, 



tre sB ~ ^ &?£ r ™ 



m—l 

V 



for some J G W, m > 0. 



Remark : A proof of this result for the Laplace operator on a compact Riemannian surface 
without boundary can be found in [AJPS]. 



Proof: Before starting the proof, let us recall that the function Gamma is defined by 
T(z) = J °° ^-j-t z dt for < Rez. Moreover T(z)~ 1 is an entire function and we have 



r^)" 1 = ze> z T\(l + -)e 

J. J. r> 



n = l 



where 7 is the Euler constant. From this follows that in a neighborhood of zero, we have 
the asymptotic expansion r(s) _1 = s + 7s 2 + 0(s 3 ). 

Using the Mellin transform of the function 
we can write: 



r(s)" 1 /" 
Jo 



pi poo 

T(s)Cb(s) = J t s -hre- tB dt + J t^tre'^dt (1.11) 

Notice that the last expression on the r.h.s converges for Res < R, R > for, setting 
C R = sup n sup t>1 t i?_1 e~i* A ™, we have t R ~ 1 e~ tXn < C R e~^ tXn = 2C R X~ 1 e~^ Xn 
which is the general term of a convergent series. 

As before we set 

m— 1 

F(t) = tre~ tB - ( L12 ) 

3 = ~J 

Using (1.11 ) and (1.12), we can write for s G C with large enough real part, Res > — : 



m 

m—1 



Cs(s) = r(s)- 1 I T^ - + / t s -hve- tB dt + f^Ftydt 



,j=-J m 



This equality then extends to an equality of meromorphic functions on Res > with poles 

_ -3 

m 

around zero, we have: 



>. = — . Using the asymptotic expansion of the inverse of the Gamma function T(s) 1 



C' B (s) = (l + 2 7 s + 0(s 2 )) V ~r^+ / t s -Hre- tB dt+ / t s ~ l F(t)dt 

\ ~.i d + 8 Jl Jo 



V?=-J m 
m — 1 



I rn-L , „i „oo 

+ (s + 7 s 2 + 0(s 3 )) - V — + / t s ~ l F{t)\n{t)dt+ / \n{t)t s -hre- tB dt 

\ J _j(4 + S ) 2 Jo Ji 



Letting s tend to zero, s > 0, since the divergent terms and — s^r arising in each of the 
terms of this last sum compensate, we get: 

mbj f 1 F(t) J ^ i f°° tve- tB 



1 . * mb, r Fit) , r 



Hence, comparing with the expression of det re3 _B given in (1.6), we find: 

log Det reg (B) = -C' B (0) = -6 7 + log det reg {B) 
and hence the equality of the lemma. 



Remarks: 

1) Notice that the same proof as in the lemma replacing the function (s) by Cx( s ) = 
for A > (which boils down to taking a one dimensional space H and F(t) = e~ tx — 1) 
yields 



r 1 e~ tx - 1 f 
-logA = 7 + J dt + J 



oo e -tx 



dt- 



t 

and when choosing A = 1, the integral representation of the Euler constant. 



oo -t 

dt 

t 



2) In the finite dimensional case, dimH = d, since lim £ ^o tre _eS = d = bo, from the re- 
sult of lemma 1.4 and the fact that the zeta function regularised determinant coincides 
with the ordinary one, follows that 

det re5 S = e dj Det reg B = e dl detB = lim(det e (S)£- d ) (1.13) 

where detB denotes the ordinary determinant of B. This agrees with (1.3 bis) using 
the integral representation given above of the Euler constant. 

3) Let M be a Riemannian manifold of dimension d and B a positive self-adjoint elliptic 
operator with smooth coefficients acting on sections of a vector bundle V on M with 
finite dimensional fibres of dimension k. We know by [G] Theorem 1.7.6 (a) that 
bo = if n is odd. However, in general the coefficient bo is a complicated expression 
given in terms of the jets of the symbol of the operator B. In the following we shall be 
concerned with the dependence of bo on the geometric data given on that manifold. 

The notion of £ function regularized determinant therefore extends to an operator satisfying 
assumptions of Lemma 1.2, by setting: 

Det reg B = e lbo det reg B (1.14) 

It furthermore extends to positive operators satisfying assumptions of Lemma 1.2 with 
non zero (finite dimensional) kernel and which leave its orthogonal supplement invariant, 
for in that case, we can set: 

Det' reg B = e^ b °- dimKerB Uet' reg B (1.15) 
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II Regularisable principal fibre bundles 

The aim of this section is to define a class of principal fibre bundles for which we can define 
a notion of regularised volume of the fibres and for which these regularised volumes have 
differentiability properties. 

Let V be a Hilbert manifold equipped with a (possibly weak) right invariant Riemannian 
structure. The scalar product induced on T p V by this Riemannian structure will be denoted 
by < •, • > p . We shall assume this Riemannian structure induces a Riemannian connection 
denoted by V and an exponential map with the usual properties. In particular, for all po, 
exp po yields a diffeomorphism of a neighborhood of in the tangent space T po V onto a 
neighborhood of po in the manifold V . 

Let G be a Hilbert Lie group ( in fact a right semi-Hilbert Lie group i.e a Hilbert Lie group 
in the usual sense up to the fact that only right multiplication is required to be smooth in 
the sense of [P] is enough here) acting smoothly on V on the right by an isometric action 

O-.GxV^V , s 

f , (2-0) 
{g,P)^p-g 

Let for p G V 

t v :Q^ T p V 

d tu . (2-OM 
u i — > — (p • e ) 
dt KF t=o 

where Q denotes the Lie algebra of G. 

We shall assume that the action is free (so that r p is injective on Q) and that it induces a 
smooth manifold structure on the quotient space V/G and a smooth principal fibre bundle 
structure given by the canonical projection n : V — > V/G. 

Let us furthermore equip the group G with a smooth family of equivalent (possibly weak) 
Ad g invariant Riemannian metrics indexed by p G V. The scalar product induced on Q by 
the Riemannian metric on G indexed by p G V will be denoted by (•,•)?• Since the metrics 
are all equivalent, the closure of Q w.r.t (•, -) p does not depend on p and we shall denote it 
byH. 

Since Q is dense in H, r p is a densily defined operator on H and we can define its adjoint 
operator t* w.r. to the scalar products (■, -) p and < ■, • > p . 

We shall assume that t*t p has a self adjoint extension on a dense domain D(t*t p ) of H. 
We shall assume that r p is injective. 

Warning: Although r p is injective on Q, the operator t*t p might not be injective on the 
domain D(t*t p ) as we shall see in applications (cfr. Appendix A). 

Definition: The orbit of a point po is volume preregularisable if the following assumptions 
on the operator t*t p are satisfied (We refer the reader to Appendix for the definition of 
Gateaux-differentiability and related notions): 
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1) Assumption on the spectral properties of t* q t Pq 

The operator e~ T po Tp o [ s trace class for any e > and for any vector X at point 
Po, there is a neighborhood Xd of po on the geodesic p K = exp Po K,X such that for all 
p £ Xo, e _erp o Tp o i s trace class. 

2) Regularity assumptions 

We shall assume that the maps p i— > r p and p i— > r*r p are Gateaux differentiable and 
that for any t > 0, the function p i— > tre p Tp is Gateaux differentiable at point p . 
We furhtermore assune that the Gateaux-differentials at point po in the direction X 
of these operators are related as follows: 

d x (tre- £T ^) = -etr(d x (r;r p )e- £T ^) (2.1) 

Moreover, for any vector X at point p , there are constants C > 0, u > and a 
neighborhood Iq of po ° n the geodesic p K = exp po ftX such that for any p <E I : 

tre~ tT p Tp < Ce~ tu (2.2) 

and 

M Io (t) = Bupp^JII^CTpVpJe-^^IHoo (2.3) 
is finite and a decreasing function in t. 

Here ||| • |||oo denotes the operator norm on Q induced by (•, -) p , X is a local vector 
field defined in a neighborhood of po by X(p K ) = exp pKH< («:X)(X). 

The orbit Po is called volume-regularisable if dim KerT*T p is constant on some 
neighborhood of po on any geodesic contaning po and if the following assumption is 
satisfied: 

3) Assumption on the asymptotic behavior of the heat-kernel traces 

There is an integer m > and a family of maps p i— > bj(p), j e { — J, • • • , m — 1 } which 
are Gateaux differentiable in the direction X at point po such that 

m—1 

tre-^p ~ bj(p)e™ (2.4) 
in a neighborhood Xo of po on the geodesic p = exp Po nX, and 

m — 1 

d x tre- £T r Tp ~o ^ 6 x bj(p)e™. (2.5) 
i=-J 

Furthermore, setting 

m—1 

F p (*) = tre- tT ** T * - ]T 6j(p)^ 
j=-J 
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for any vector X at point po, there is a constant K > 0, and a neighborhood Iq of po 
on the geodesic k — > p K = exp such that: 

sup^J^F^IU^ift. (2.5fe) 

A principal bundle as described above with all its orbits volume- preregularisable (resp. 
volume- regularisable) will be called preregularisable (resp. regularisable) . 

Remark: Since the Riemannian structure on V is right invariant and the one on G is Ad g 
invariant, the above assumptions do not depend on the point chosen in the orbit for we 
have Tp.g = R 9it TpAdg. 

Although most fibre bundles we shall come across are not only preregularisable but also 
regularisable so that the notion of preregularisabiblity might seem somewhat artificial, in 
applications (see Appendices A and B), it is often enough to verify the conditions required 
for preregularisability in order to prove a certain minimality of the orbits, namely strong 
minimality, a notion which will be defined in the following. 

Natural examples of regularisable fibre bundles arise in gauge field theories (Yang-Mills, 
string theory) . In gauge field theories, V and Q are modelled on spaces of sections of vector 
bundles S and T based on a compact finite dimensional manifold M and the operators r*r p 
arise as smooth families of Laplace operators on forms. As elliptic operators on a compact 
boundaryless manifold, they have purely discrete spectrum which satisfies condition 1) 
(see [G] Lemma 1.6.3) and (2.4) (see [G] Lemma 1.7.4.b)). By classical results concerning 
one parameter families of heat-kernel operators, they satisfy (2.1) (see [RS] proposition 
6.1) and (2.2) (see proof of Theorem 5.1 in [RS]). Since SxB p is also a partial differential 
operator, by [G] lemma 1.7.7, 5xtre~ eBp satisfies (2.5). Assumptions on the Gateaux- 
differentiability and assumptions (2.3 ), (2.5 bis) are fulfilled in applications. Indeed, the 
parameter p is a geometric object such as a connection, a metric on M and choosing these 
objects regular enough (of class H k for k large enough) ensures that the maps p i— > t p , 
p I— > t*t p , p I— > tre p Tp etc.. are regular enough for they involve these geometric quantities 
and their derivatives, but no derivative of higher order. 

Remark: In the context of gauge field theories, the underlying Riemannian structure 
w.r.to which the traces (arising in (2.2)-(2.5bis) are taken are weak L 2 Riemannian struc- 
tures, the ones that also underly the theory of elliptic operators on compact manifolds. 
In [AP2], we discuss in how far this weak Riemannian structure could be replaced by a 
strong Riemannian structure, in order to set up a link between this geometric picture and 
a stochastic one developped in [AP2]. 

Proposition 2.1: Let O po be a volume-preregularisable orbit such that for any geodesic 
containing po, there is a neighborhood of po on this geodesic on which t*t p is injective. 
Then 

1) det e (r*r p ) is well defined for any e > and for p in a neighborhood of p on any 
geodesic of p . 

2) The map 

p i-> det e (t*t p ) 
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is Gateaux-differentiable at point p 0: the operator J e + °° 5x(T*T p )e~ tT p Tp dt is trace 
class for any p in a neighborhood of po on any geodesic of po- F° r an Y tangent vector 
X at point po, we have: 

tr (5 x r;T p )e-^V^^ 

, + oo (2-6a) 
= try (o x r;r p )e- tT p T ^t 



3) If the orbit Po is moreover volume- regularisable, the map p i— > det res (t*t p ) is 
Gateaux differentiable in all directions at point poj and with the notations of (2.4) 
Sx[ log det e (r*r p ) — ^7=-J ykj£™ — Moge] converges when £ — ► and we have 



-l 

m . 



lim 6 X [ log det e (r*r p ) - —fye™ - b loge] = 5 X log det reg t*t p 

(2.66) 



j=-J,m 3 Ji \ t J Jo 



t 



Proof :We set B p = t*t p . 

1) By the first assumption for volume-preregularisable orbits, we know that e~ sBp is 
trace class so that by lemma 1.1 so is Ap = \ogh £ (B p ). Hence det e (S p ) = e trA ? is well 
defined. 

2) Let us show the first equality in (2.6 a). The orbit O po being preregularisable, assump- 
tion 2) for volume-preregularisability yields that for any p e Iq and any t > e > 

\tT(6 X MBpe- tB »)\<CM Io (i)e-i\ 

Here, we have used the fact that |tr(?7V)| < |||£/'|||trV| for any bounded operator 
U and any trace class operator V applied to U = 5 X ( p \B p e~2 Bp o and V = e~z Bp . 
Hence, by Lebesgue dominated convergence theorem, the map p h- > J g °° t~ 1 tre~ tBp dt 
is Gateaux-differentiable in the direction X at point po and 

/OO /"00 
t" 1 tre"* B ^t= / f^xtre-^rft 

/OO 
tr((5 x S p )e- tB ™)^ 

using (2.2). Using the fact that log det £ (£? p ) = — J g + °° t~ 1 tre~ tBp dt then yields the 
first equality in (2.6 a). 
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The second equality in (2.6 a) and the fact that we can swap the trace and the integral 
follow from the estimate: 

III^Bpe-^oHl! < Ill^xSpe^oll^llle-^olll! <C'|||<yxS P e^o||| TO ||| TOe -*« 

(*) 

valid for t>e, using assumption (2.2). We finally obtain by dominated convergence: 

/+oo r+oo 
5 x B p e~ tBp odt = J tr<5 x B p e~ tB ^dt. 

3) Let us first check that the map p h- > det reg B p is Gateaux differentiable at point po in 
the direction X . By (1.6), we have 



log det reg B p = - V - / tr— — dt - \ 

. T ., n J Ji t Jo 



The first term on the r.h.s. is Gateaux differentiable in the direction X by the assump- 
tion on the maps p i— > bj(p). The second term on the r.h.s. is Gateaux differentiable by 
the result (applied to e = 1 of part 2) of this lemma which tells us that p i— > det e (S p ) 
is Gateaux differentiable. The Gateaux differentiability of the last term follows from 
the local uniform upper bound (2.5 bis). 

We now check (2.6 b). The map p i— > log det £ (B p ) — Yl^-j j^o —^-e™ — 6 log£ is 
Gateaux differentiable in the direction X and we can write 

m—l 



lib _L -t J 

5 X ( log det £ (S p ) - Yl 6 o lo S £ ) 

j=- 

roo e -tB p 

= 8 X (- / tr dt 



j=-J,j?Q 3 




as in (1.9) 



m— 1 



= - £ Wj- 

which tends to Sx log det reg B p by (1.6) and dominated convergence. Here we have 
used the results of point 2) of the proposition applied to e = 1 to write 



/oo -tt> p roo 
tr—j—dt = J 5 X tre~ tBp dt 

and (2.5 bis) to write 5 X £ ^dt = £ ^f^dt. 
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Remark These results extend to the case when instead of assuming that t*t p is injective 
locally around po, one considers orbits of an action at points po for which the dimension of 
the kernel of r p is constant on some neighborhood of po on each geodesic starting at point 
Po. For this, one should replace &et e T*T p and det reg T*T p by detgT*r p and det' reg T*T p . This 
extension is useful for applications (see Appendix A.). 

A direct generalisation of the notion of volume for volume-preregularisable or regularis- 
able orbits would give infinite quantities. But for volume-preregularisable or regularisable 
orbits, one can define a notion of preregularised or regularised volume, which justifies 
a posteriori the term "volume-preregularisable or volume- regularisable orbits" for these 
orbits. Since r p . g = R g *T p Ad g and since the metric on G is Ad s and that on V right 
invariant, for any e > 0, we have det e (T*. g T p . g ) = det e (t*t p ) so that it makes sense to set 
the following definitions: 

Definition: 

1) Let O p be a volume-preregularisable orbit, then 

vol e (O p ) = ^det' e (T*T p ) 

defines a one parameter family of (heat- kernel) preregularised volumes of O p . 

2) Let O p be a volume-regular isable orbit, then 



vol reg (O p ) = ydet' reg (r p *r p ) 

defines the heat-kernel regularised volume of O p . 
3) Let O p be a volume-regularisable orbit, then 

Yol reg (Op) = ^Det' reg (r;T p ) 

defines the zeta function volume-regularised volume of O p . 
From lemma 1.4 follows that 

Vol res (Op) = e-^ b '^\o\ reg (Op) 

where 7 is the Euler constant and b' Q (p) = bo(p) — dim Ker (r*r p ) is the coefficient arising 
from the heat-kernel asymptotic expansion of r*r p given by (2.4). 

Remarks: 

1) In finite dimension, dimH = d and r p is injective, we have by (1.13): 
lim(£^vol £ (Op)) 



V0l r eg (O p ) = e~ Vol r eg (O p ) 



e 2 I det r p I / \detkd g dii(g)\ = e 2 



±l vol(Op) ( 2 - 7 ) 



volG 



16 



where fx is the volume measure and vol(O p ) is the ordinary volume of the fibre O p . 
2) If the coefficients bj(p) arising in the heat-kernel expansion of t*t p are independent 
of p, we have for two regularisable orbits o Po and Pl : 

lim vol e (Op ) = yoWOpo) 
e^o vol e (0 Pl ) vol reg (0 Pl ) 

Proposition 2.2: The heat-kernel (pre)-regularised and zeta function regularised volume 
of a volume-(pre)regularisable orbits O p is Gateaux-differentiable at the point p. 

Proof: It follows from Proposition 2.1. ■ 



Let us now introduce a notion of extremality of orbits which generalises the corresponding 
finite dimensional notion [H]. 

Definition: A strongly extremal orbit is a volume-preregularisable orbit, the heat-kernel 
preregularised volume of which is extremal, i.e O p is strongly extremal if 5xvol e (O p ) = 
for any horizontal vector X at point p and any e > 0. 

A heat-kernel (resp. zeta function) extremal orbit of a volume-preregularisable bundle is an 
orbit, the heat-kernel (respectively zeta function) regularised volume of which is extremal, 
i.e Sxvo\ reg (O p ) = for any horizontal vector X at point p. 

Notice that whenever bo does not depend on p, the zeta-function regularised volume of 
an extremal orbit is also heat- kernel extremal. From (2.7) also follows that this notion 
generalises the finite dimensional notion of extremality of the volume of the fibre. 



III. Minimal regularizable orbits as orbits with extremal regularized volume 

We shall consider a preregularisable principal fibre bundle V — > V/G. By assumption, the 
bundle is equipped with a Riemannian connection given by a family of horizontal spaces 
H p ,p G V such that 

T P V = H P ®V P 

where V p is the tangent space to the orbit at point p and the sum is an orthogonal one. 
For a horizontal vector X at point p, we define the shape operator 

n x -.v p ^ v p 

Y^-(VyX) v (p) 

where the subscript v denotes the orthogonal projection onto V p and X is a horizontal field 
with value X at p. Similarly, we define the second fundamental form: 

S p : V p x V p -> Hp 

(Y,Y>) ^ (VyY') h (p) 
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where Y, Y' are vertical vector fields such that Y(p) = Y, Y'(p) = Y'. These definitions 
are independent of the choice of the extensions of X ,Y and Y' . 

An easy computation shows that the shape operator and the second fundamental form are 
related as follows: 

< H X {Y)X > p =< S p {Y,Y'),X> P (3-1) 

Note that this explicitely shows that Tix only depends on X and not on the extension X 
of X . Since S p is symmetric, so is Tix- 

As in the finite dimensional case, one can define the notion of totally geodesic orbit, an 
orbit O p being totally geodesic whenever the second fundamental form S p vanishes. 

Definition: The orbit O p of a point p G V will be called heat-kernel preregularisable or 
for short preregularisable if for any horizontal vector X at p, Ve > 0, 

H x = e-^ £T ^n x e~^ £TpT p (3.2) 

is trace class. A preregularisable orbit O p will be called strongly minimal if moreover for 
any q G O p and X a horizontal vector at point q, trH £ x = Ve > 0. 

Remarks: 

1) The preregularisability of the orbits ( namely H £ x trace class) is automatically satisfied 
if the manifold V is equipped with a strong smooth Riemannian structure, since in 
that case the second fundamental form is a bounded bilinear form and its weighted 
trace is well defined (see also [AP2] where this is discussed in further details). 

2) Since on a preregularisable bundle, the Riemannian structure on V is right invariant 
and the one on G is Ad g invariant, the notion of (pre) regularizability and (strong) 
minimality of the orbit does not depend on the orbit chosen on the orbit. Indeed, 
let p be a point, g G G and X a horizontal vector at point p. Let I be a right 
invariant horizontal vector field coinciding with X at p. Since r p . g = R g>t TpAd g and 
^■x(p-g) = Rg*H-x{p)Rg* '■> the vector field X being right invariant, we have T p . g r*. g = 
R g *T p T*R~}. Hence T~t X ( P -g) = ^9^x(p)^g* * s trace c ^ ass w - r - to < •, • > p . g whenever 
7~L X (p) * s trace class w. r. to < •, • > p and ^H X {j>-g) = ^ r ^x( P )- 

3) Notice that if Hx is trace class, as in the finite dimensional case, strong minimality 
implies that tvTix = and hence ordinary minimality. The fact that strong minimality 
implies minimality in the finite dimensional case motivates the choice of the adjective 
" strong" . 

4) This preregularised shape operator H x and the second fundamental form are related 
as follows: 

< H e x (Y),Y' > p =< S p {e-^ T rY,e-^ £T ^Y'),X > p 

Since t p t* is an isomorphism of the tangent space to the fibre T p O p , H x vanishes 
whenever the second fundamental form vanishes and an orbit is totally geodesic when- 
ever this regularised shape operator vanishes on the orbit for some e > 0. 

Definition: A preregularizable orbit O p will be said to be regularisable if furthermore, the 
one parameter family Ti x , e g]0, 1] admits a regularized limit-trace tr reg Hx- 
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For a preregularizable orbit O p such that for any s > 0, X — > trH^ is a bounded linear 
form on T p V for the norm induced by < •, • > p , by Riesz theorem we can define the 
preregularised mean curvature vector S e in the closure H p of T p V for this norm by the 
relation 

<S e (p),X> p =tiH e x (3.3) 

In the same way, for a regular isable orbit O p such that X — > tr reg 7ix is a bounded linear 
form on T p V ', by Riesz theorem, we can define the regularized mean curvature vector S reg (p) 
in i?p by the relation 

< S reg {p), X > p = tr reg H x (3.4) 

for any horizontal vector X at point p. Of course, if the Riemannian structure is strong, 
both S e (p) and S reg (p) lie in T P V. 

Remark: In the finite dimensional case, we have Sq(p) = S reg {p) = trS p where S p is the 
second fundamental form. In the infinite dimensional case, the family of preregularised 
mean principal curvature vectors S e (p) coincides with a family of preregularised traces and 
the regularised mean principal curvature vector S reg (p) with the regularised trace of the 
second fundamental form S p . 

Definition: A regularisable orbit O p will be called heat-kernel minimal if tr reg Hx = for 
any horizontal vecotr at point X. 

Remarks: 

1) Since on a preregularisable bundle, the Riemannian structure on V is right invariant 
and the one on G is Ad g invariant, regularizability and minimality of the orbit O p 
does not depend on the point p chosen on the orbit. As before, we have tr reg H X ( p . g ) = 

tr reg H X ( p y 

2) Here again, in the finite dimensional case, the one parameter family TC X admits a 
regularised limit trace given by the ordinary trace tr reg Hx = tr7ix and heat-kernel 
minimality is equivalent to the finite dimensional notion of minimality. 

Note that a strongly minimal preregularisable orbit O p is regularisable and minimal since 
setting A £ = 7i £ x in (l-l)j we have aj = 0, Vj and hence tr reg Hx = 0. 



The regularisation of the mean principal curvature vector for orbits of group actions in 
the infinite dimensional case has been discussed in the literature before. King and Terng 
in [KT] introduced a notion of regularisability and minimality for submanifolds of path 
spaces using zeta-function regularisation methods. They in particular show zeta function 
regularisability and minimality for the orbits of the coadjoint action of a (based) loop group 
on a space of loops in the corresponding Lie algebra. We shall show later on that these 
orbits within this framework are regularisable and strongly minimal (hence minimal). 

We now introduce a notion of zeta function regularisability which is a slight variation of 
the one introduced by Maeda, Rosenberg and Tondeur in [MRT1] (see also [MRT2]) in the 
case of orbits of the gauge action in Yang-Mills theory. This modification is natural in our 
context as we shall see later on. 
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Definition: The orbit O p of a point p is zeta function regularisable whenever 




oc 



e- tx -5 x X p n dt + (s- l)- l 5 x b' {p)dt 



A„#0 



exists for any horizontal field X at point p and the limit shall be denoted by Tr reg Hx so 
that 



Since on a regularisable principal fibre bundle, the Riemannian structure on V is G invari- 
ant and that on G is AdG invariant the orbit O p is zeta function regularisable whenever 
the above holds for any q £ O p . 

Definition: A zeta function regularisable orbit O p will be called zeta function minimal if 
T^reg'Hx = for any horizontal vecotr at point X . 

Remark: This definition coincides with that of [MRT Proposition 5.9] whenever 5xbo(p) 
is zero. This notion of regularisability is of course less restrictive than that of [MRT] and 
we shall see that on a regularisable fibre bundle, there is no obstruction to zeta function 
regularisability of the orbits. 

Let us introduce some notations. Let V — > V/G be a preregularisable principal fibre bundle 
and let (T^) n£ jv be a set of eigenvectors of t*t p in Q corresponding to the eigenvalues 
(A^) ne ^v counted with multiplicity and in increasing order. Let po be a fixed point in V 
and let Z£ o be the isometry from (G, (•, -) Po ) into (G, (•, -) p ) which takes the orthonormal 
set (TP°) n of eigenvectors of t* () t Po to the orthonormal set of eigenvectors (T£) n of r*r p . 
Notice that = I. 

Lemma 3.1: Let V — > V/G be a preregularisable principal fibre bundle. Let po £ V be 
a point at which the map p i— > 2T po M is Gateaux-differentiable for any it £ ^. Let X be a 
horizontal vector at po- We shall consider eigenvalues that correspond to eigenvectors 
that do not belong to XP ( KerT po r Po . 

1) The maps p — ■> are Gateaux-differentiable in the direction X at point po> 




e- txP ^x\ p n dt + (s-l)-H x b' Q {p) 



(3.5) 



Po 



and 




2) Furthermore, we have 



- < n 



(S V TP T po T P0 ) 

\ v X-^p J- n i-i- n ) 



log h s (\v n ) 



(3.6a) 



Po - 
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where we have set U% = ||r p TP|| _1 TpTP. 
3) If the Riemannian structure on Q is fixed (independent of p), then SxZ po is antisym- 
metric and 



1 r + °° * ~ ~ 

- / (SxiT^e-^T?, T%) Po dt = -< H' X U*, U? > Po 

1 J e (3.66) 



U x log h e (\l) = l -\^- 1 5xKe-^ ) 



Proof: As before, we shall set B p = t*t p . Since po is fixed, we drop the index p in IP q 
and denote this isometry by X p . Notice that X Po = /. As before, we denote by (T^) nE jv 
the orthonormal set of eigenvectors of t*t p which correspond to the eigenvalues (A p ) n( =iv 
in increasing order and counted with multiplicity We shall set T% = t p Tp, T% = t p Tp° . 
1) Using the relations (J p -, l p -) p = (•, -) Po , 1 P (TP°) = T%, Tp*Jp = I, we can write A£ = 
(B P TP,TP) P = (B P 1PTP°,1PTP°) P0 and the map p i-> \ p n is Gateaux differentiable 
in all directions at point po since p h- > B p , p i— > X p are Gateaux-differentiable by 
assumption on the bundle. Furthermore 

6 x (B p TP,TP) p = 5 x {l p *B p lPTP<\TP% 

= ((6 X B P )TP°,TP°) P0 + (6x(inB P0 T%°,TP°) P0 + 
+ (V«*B P0 {5 x l p )T p n \TP n «) P{) 

= ((6 X B P )TP°,TP°) P + \P n °([lP»*d x (l p ) + {8xV>*)V>°]TP\TP% 

Since l p *l p = I, we have 5 x Z p *Z Po +l Po *5 x Z p = so that finally A£ is Gateaux- 
differentiable and 5xK = {(S X B P )TP° ,TP°) Po . 

Using the local uniform estimate (2.3 ), and with the same notations, we have for 
t > e: 

\\(5 x(p) (B p )e- tB ^ T P^TP°) p J < M Io { l -t)e-^ 

so that the map p \— > log/i e (A p ) is Gateaux-differentiable at point po in the direction 
X and 

/oo 
t-\e- tB *TP,TP)dt 

/+oo 
5 x {B p )e- tB ^TP\TP% a dt 



2) 

By definition of h £ we have: 



5 X log h e (\P n ) = (logh £ )'(\P n )5x\ p 
= (\P n °)^e- sX "5 x \ p n 
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But, with the notations of Appendix 0: 

S x X p n = Sx< 2* 2* > p = 2 < 6 x (t p V>)T%°,T%° > Po 
= 2 < 6 X T*,T*° > P0 +2 < r p b x X p T p \f p - > P0 
= -2 < Vj*oX,T*° > P0 +2 < r p 5 x l p T p \f p ° > P0 
= -2 < Vf* X,f*> > P0 +2 < t p 5 x 1 p T p \T p « > po 
= -2X p n ° < HxfftiU™ > P0 +2X p r ?(5 x l p T p °,T p % 

where for the third equality,we have used the fact that, X being right invariant, we have 
[f p ,X}=0. 

Hence we have: 

5 X \ogh e (X p ) = -2e- eA -° < H x{po) U p \U p » > Po + 
+2e- sX -(5 x VTPo, T Po) po 

which yields 2). 

3) On one hand, since the scalar product on the Lie algebra is fixed, we have 5 X T P * C 
(5 X I P )* (see Appendix 0). On the other hand, since Z p *l p = I, we have -5 X 1 P C 
5 X 1 P * (see Appendix 0) so that the second term in the l.h.s of (3.6a) vanishes. ■ 



Definition: We shall call an orbit Po of a preregularised bundle an orbit of type (T) 
whenever the following conditions are satisfied: 

1) The map p i— > I p o is Gateaux-differentiable at point po. 

2) The operator d x X p o e~ £Tp o Tp o is trace class for any p e V and e > 0. 

3) For any trX p o e~ eTp o Tp ° is Gateaux-differentiable at point po G V and 

5 x tv(l p o e- £Tp o- p o) = tr(S x l p () e- £Tp o- p o) 

Whenever the Riemannian structure on Q is independent of p, any orbit satisfying condition 
1) is of type (T), for in that case the traces involved in 2) and 3) vanish, S X 1 P Q being an 
antisymetric operator. 

Let us interpret the trace tr(S x X p o e~ £Tp o Tp o ) as a variation of a relative volume. Since the 
map k — > (I p *-,I p K-) Po is differentiate at k = 0, it is continuous at this point. Hence for 
a family of points p K = exp (kX) on the geodesic at point po generated by X, there is a 
constant rj > such that for a small enough, sup K6 [ ,a] — -^po II — ^ (where the operator 
norm is taken w.r.to || • || Po ) so that for k small enough \(T Pk ,T Pk ) Po X Po \ > (1 — 2r])X Po . 
Thus logh e [(T PK , T Pk ) Po X p 1 °] converges, since h £ is non decreasing. We can therefore 
define a notion of preregularised relative volume of the orbit Pk with respect to O po : 

volf(O p J= J] \J he ( (Ti K , T£ K ) P() ) 
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Notice that it coincides with Vol £ (O P0 ) for n = 0. The fact that |||5x^ ||| is locally 
bounded on a geodesic starting at point po implies that the map k — > log volf (0 Pk ) is 
differentiable at point k = and an easy computation yields: 

5 x log volf (O p ) = tr'[^ o e-^ T "»] 

where ir' means that we have restricted to the orthogonal of Kerr*r p . 

In the next proposition, we investigate the relation between the shape operator and the 
variation of the volume of the orbit. 

Proposition 3.2 : Let V ^ V/G he a preregularisable principal fibre bundle. Then 

1) any orbit of type (T) is preregularisable. 

More precisely, if O po is an orbit of type (T), for any horizontal vector X at point 
Po, the operator H x is trace class, the maps p i— > vol £ °(O p ) and p i— > vol e (O p ) are 
Gateaux differentiable in the direction X at point po and 

1 /"+°° 

trft x - 5 x log volf (O p ) = log v<(O p ) = -- / tr / [5 x (r;rp)e-^o^o]^ 

(3.7) 

If the maps X i— > 5x log vol e (O p ) and X i— > 5xlog volf°(O p ) are bounded linear maps on 
the closure if p of TpP for the norm induced by < •, • > p , then the preregularised mean 
curvature vector S £ is a vector in H p defined by txH e x =< S e ,X > p . 

2) If the Riemannian structure on Q is independent of p, the orbit of any point po is a 
preregularisable orbit and 

tvH £ x = -8 X log vol^(O p ) = -- J tv'[5 x (r;r p )e- tT ^o]dt (3.7bis) 

where tr' means we have restricted to the orthogonal of the kernel of T po r Po and v ol' e 
means that only consider eigenvalues that correspond to eigenvectors that do not 
belong to JP o Kerr p * o r Po . 

Remarks: 

1) In finite dimensions, for a compact connected Lie group acting via isometries on a 
Riemannian manifold V of dimension d, we have for any e > and using the various 
definitions of the volumes: 

lim Jxlog vol £ (O p ) = S x log vol O p 

= 5 X log Vol reff O p 
= 5 X log volO p 

Hence going to the limit e — > on either side of (3.7 bis) we find: 

trHx = Sx log volOp. 
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If the Gateaux-differentiability involved is a C 1 - Gateaux-differentiability, this yields 

trS p = — grad log volO p 

This leads to a well known result, namely (Hsiang's theorem [H]) that the orbits of G 
whose volume are extremal among nearby orbits is a minimal submanifold of M. 

2) Equality (3.7) tells us that whenever the Riemannian structure on G is independent 
of p (as in the case of Yang-Mills theory), strongly minimal orbits of a preregularisable 
principal fibre bundle are pre-extremal orbits. This gives a weak (in the sense that we 
only get a sufficient condition for strong minimality and not for minimality) infinite 
dimensional version of Hsiang's [H] theorem. 

3) If both the spectrum of t*t p and the Riemannian structure on G are independent of 
p, as in the case of Yang-Mills theory in the abelian case (where the spectrum only 
depends on a fixed Riemannian structure on the manifold M) , the orbits are strongly 
minimal (see also [MRT] par. 5). 

Proof of Proposition 3.2: We set B p = t*t p . for the sake of simplicity, we assume that 
B p is injective on its domain, the general case then easily follows. 
1) From the preregularisability of the principal bundle follows (see proposition 2.1) that 
the map p i— > det e (B p ) is Gateaux-differentiable in the direction X at point po and 

+oo 



/-too 
dttr(5xB p e- tB v) 



On the other hand, by lemma 3.1 

1 r+oo 

2 < J dt(5 x B p e- tB r)T^ T p > p -e~^° {8 X 1?T* , Z*% = - < H X U P , U* > P 

(*) 

The fibre bundle being preregularisable, by the results of proposition 2.0, the first term 
on the left hand side is the general term of an absolutely convergent series. On the 
other hand, the orbit being of type (T), the series with general term e" eA " (5 x I p Tp° , T%° 
is also absolutely convergent. Hence the right hand side of (*) is absolutely convergent 
and H s x is trace class since (f/ n )neJV is a complete orthonormal basis of Imr p . 



+oo 

dttr(5 x B p e- £B ^) = trH £ x - 5 x log Vol p e °(B p ) = -5 x log det e (B p ) 



which then yields (3.7). 

The second part of point 1) of the proposition follows from the definition of the mean 
curvature vector in the case of a Hilbert manifold. 
2) This follows from the above and point 3) of lemma 3.1 and holds for any orbit O p of 
a regularisable fibre bundle since it does not involve 5 X 1 P . ■ 



The following proposition gives an interpretation of tr reg H x in terms of the variation of 

VOl r e g (O p ). 
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Proposition 3.3: The fibres of a regularisable principal fibre bundle with structure 
group equipped with a fixed (p-independent) Riemannian metric are heat-kernel and zeta- 
function regularisable. 

1) Orbits are heat-kernel minimal whenever they are heat- kernel extremal. 

More precisely, for any point po G V and any horizontal vector X at point po, The one 
parameter family TL e x has a limit trace tr reg Hx and 



tr reg H x = Sx log vol (O p ) 



1 

2 



m— 1 7 / \ „i 



r^n J JO t Jl 



j = -J,j^0 



(3.8) 



= tr reg Hx + -7^x^o 



If the coefficients bj(p) are extremal at point po and if Hx is trace-class, then txHx = 
-5 x log vol reg O p . 

Tr re3 ^x = Sx log vol re5 (O p ). (3.9) 

2) The operator Tix has a well defined zeta function regularised trace and the orbit is 
zeta function minimal if and only if it is zeta function extremal. More precisely, we 
have: 

Tr reg H x = Sx log Vol reg (O p ) 

I , , (3-10) 
2 

If moreover Sxbo = for any horizontal vector X at point po, an orbit is heat-kernel 
minimal whenever it is zeta function minimal. 

3) Whenever the map X \— > tr reg Hx is a bounded linear map on H p (with the notations 
of proposition 2.2), the regularised mean curvature vector S reg is a vector in H p 
defined by < S reg ,X > p = tr reg Hx- 

Remarks: 

1) In the case of a compact connected Lie group acting via isometries on a finite dimen- 
sional Riemannian manifold V of dimension <i,the two notions of minimality coincide 
since bo = d, Vol re3 (O p ) = vol(O p ) and (1.10) yields: 

trS p = -grad log vol(O p ) 

where S p is the second fundamental form. It tells us that the orbits of O, the volume 
of which are extremal among nearby orbits is a minimal submanifold of V. This 
proposition therefore gives an infinite dimensional version of Hsiang's [H] theorem. 

2) A zeta function formulation of Hsiang's theorem in infinite dimensions was already 
discussed in [MRT1] in the context of Yang-Mill's theory. However, there was an 
obstruction due to the factor bo(p) in the zeta-function regularisation procedure which 
does not appear here since it has been taken care of in definition (3.5) (see also 
[MRT2]). A formula similar to (3.10) (but using zeta function regularisation) can be 
found in [GP] (see formula (3.17) combined with formula (A. 3)). 
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3) Proposition 3.3 puts zeta function regularisability and heat-kernel regularisability on 
the same footing, showing that for regularisable principal fibre bundles defined by an 
isometric group action both notions of regularisability hold. 

It also shows that the two notions of minimalitydo not coincide in general, since they 
differ by a local term gradbo, they coincide whenever bo is independent of p. 

Proof of Proposition 3.3: As before, we set B p = t*t p . As before, we shall assume for 
simplicity that B p is injective; the proof then easily extends to the case when the dimension 
of the kernel is locally constant on each geodesic containg pq. 
1) Since the fibre bundle is regularisable, we know by Proposition 2.1 that the map 
p I— > det reg (B p ) is Gateaux-differentiable in the direction X. Let us now check that 
H s x has a regularized limit trace, applying lemma 1.0. For this, we first investigate 
the differentiability of the map e i— > trH e x . By the result of Proposition 3.2, we have 

i r°° e~ tB p 1 

trH s x = -j dtS x tr ^— = ~2 5x lo § det e( B p) 
The differentiability in e easily follows from the shape of the middle expression. 
Setting as before F p (t) = tre~ tBp — Y^j=-j bjt™, we have furthermore 

d „ 1 



fe tr ^x = ~if 1 $x tre 



-eB 



= ~2 X e 2 ^ x j£ m ' 

j=-J 

F (e) 

From the regularisability of the fibre bundle follows that 1 5 X p e | < K for some K > 
and < e < 1 (see assumption (2.5 bis)) which in turn implies that 

j—-J-m 

Setting A e = Ti e x in Lemma 1.0, we can define the regularised limit trace (replacing J by 
J + m and cij by — ^Sxbj+m) 

toregT-tx = Hm(trH x + - ^2 m^-^-e™ + -S x b \og£) 

j=-J J 

= lim - J ( 5 X log det e (B p ) - V" m5 x —e™ - 5 x b loge ) by (3.7 bis ) 

\ 3=-J J J 

= lim - ^-5 X I log det e (B p ) - V] ^± e ™ - b log£ 

V 3=-J J 

= ~^x log det reg (B p ) by (1.6) 

= -[ Y f 1 dt 6 - X ^+ r rH x tre-^dt] by(2.6.b) 

~ 6^0 3 Jo t A 
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When the coefficients bj are extremal at p , we have 



tvH x = tvH x + 

j=-J 



1 \ - m5xbj a 
2 



£m + -5 x b loge 



so that lim e ^o trH x = tr reg Hx- Since Hx is trace class by assumption, going back 
to the definition of TC X , one sees that lim e ^ tr7Y x = trHx, which yields the second 
point in 1) of proposition 3.3. 
2) It is well known that the expression r(s) _1 f °° t 1 * -1 Yin e _tA ™ is finite for Res large 
enough and that it has a meromorphic continuation to the whole plane. Since T(s) = 
(s — l)r(s — 1), we have for s with large enough real part: 



t s 5x tre p dt see assumption (2.2) and lemma 3.1 

m — l r l 

E 

3=-J' 



Jo V r ( s - 1 ) Jo V 

+ ^ t s ~ 2 5 X tre' 13 * dt + 5 x F p (t)t s - 2 dt^J by (2.5) 

m— 1 1 

V — Sxb* 

j = -J m 

/oo pi 
t s ~ 2 5 x tr e- tBp dt + J t s - 2 5 x F p (t)dt 



xKdt 



setting F p (t) = tre' 63 ? - YlJ=-j' b j{p) t ^- Hence, since T(s)" 1 = s + 7s 2 + 0(s 3 ) 
around s = 0, going to the limit s — > 1, we find: 

hmfr^)- 1 / t 5 " 1 Ve- tA ^ x A^+( S -l)- 1 5 x 6o(p)] = 



= lim(-l - 7 s + 0(s 2 )) 



■ 1 



m — l 



4^ x + s 



j=-J,jjtO m 



t s ~ L 5 x tr e - tB 'd* 



+ / t'-HxFpifidt-iSxbo 
Jo 



= Sx det reg (B p ) — / y5xbo by formula (1.6) and (2.6 b) 

= -2tr reg H x - l$xbo 

= Sx^-Og Det reg (B) by formula (1.10 bis) 
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where lim s ^ t s 1 $x tr e tB pdt = f^°t 1 5x tr e tB p<it holds using estimate (*) 

arising in the proof of proposition 2.0 and lim s ^ Jq t s ~ 1 5xF p (t)dt + s~ 1 5xbo = 

fot^SxFptydt by (2.4 b) and using dominated convergence. 

The rest of the assertions of 2) then easily follow. 
3) This is a consequence of 2) using the definition of the regularised mean principal cur- 
vature vector in a Hilbert manifold. ■ 
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Appendix 0: Gateaux-differentiability 

We extend here the classical notion of Gateaux-differentiability on Hilbert spaces to Hilbert 
manifolds. We refer the reader to [AMR] for example for the case of Banach spaces and 
[E] for a strong version of this notion on infinite dimensional differentiable manifolds. 

Let V denote a Hilbert manifold modelled on a Hilbert space K and equipped with a 
(possibly weak) Riemannian structure, which induces on T P V a scalar product denoted by 
< •, • > p . Denote by H p the closure of T p V for the norm induced by < ■, ■ > p . We shall 
assume that this Riemannian structure induces an exponential map and a connection with 
the usual properties. In particular this yields a local diffeomorphism from the tangent 
bundle to the manifold. 

Gateaux-differentiability of a function 

A function p —> f(p) G M is said to be Gateaux- differentiable in the direction X where X 
is a vector at point po G V if 

6 x f= \imn-\f(p K )-f(p )) 

re— >0 

exists with p K = exp po «X, exp denoting the geodesic exponential on V . A function p — > 
f(p) G M is said to be Gateaux-differentiable at a point po if it is Gateaux-differentiable 
in all directions at that point. 

The map X — > Sxf defined on H p is denoted by S Po f. If / is Gateaux differentiable at 
point po and if the map 5 Po / is a bounded linear form on H po , by Riesz theorem, we can 
identify it with a vector G Po f in H Po : 

<G Po f,X> Po =S x f VXeT PQ V 

If the Riemannian structure is strong, G po f lies in T po V. 

If / is differentiable at point po, f is Gateaux-differentiable at po and 5 Po f = d Po f is a 
bounded linear map on T p V. Hence, if the Riemannian structure is strong, d Po f is identified 
to a vector grad po / G T Po V by d p J(X) =< gmd p J,X > Po and we have grad po / = G P J. 

If for any po G V and for any vector X at po, the map S po f is a bounded linear form 
on the Hilbert space H p and if for any point po, the map p 5 p f o exp* Q is continuous 
on exponential charts at po for the operator norm, the function / will be called C 1 - 
Gateaux-differentiable. Although Gateaux-differentiability is weaker than differentiability, 
C 1 Gateaux-differentiability implies C 1 differentiability. 

Lemma 0.1: A C 1 -Gateaux-differentiable function is C 1 differentiable. 

Proof: The proof goes as in the case of a Hilbert space (see [AMR] Corollary 2.4.10) using 
the exponential map. 

Let V(po) be a neighborhood of po small enough so as to be in the image of the exponential 
map at point po and on which p \— > G p f is uniformly continuous. For p G V(po), there is 
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a vector X e such that exp I = p and we shall set p K = exp po nX. Then 

l/(p) " f(Po) ~ S Po fX\ = | f\^f(P*) ~ SpoX)dK\ 

<[ \SpJexp Po *(KX){X)-5 Po fX\dK 
Jo 

< / lll<5p«/exp po# (K-)(-) -<WIIIP1l d « 

< sup K6[0jl] |||5 PK /exp po ,(K-)(-) -^o/lllll^ll 

and the r.h.s converges to zero as X goes to 0. This says that df(p ) exists and is equal to 
G Po f so that / is differentiable and C 1 . ■ 

Remark: In finite dimensions, one can show in a similar way that C 1 -Gateaux-differentiability| 
implies C 1 -differentiability. 

Gateaux-differentiability of operators 

For a family of bounded operators B p on a given Hilbert space H, p varying in V, we 
shall say that the map p — > B p is Gateaux differentiable in the direction X at point po if 
k~ 1 (B Pk — B Po ) converges as k goes to zero in norm to an operator dxB. 

A family of unbounded operators B p defined on a common dense domain D in a given 
Hilbert space H to a given Hilbert space K, will be called Gateaux- differentiable at point 
Po in the direction X if for every u in D, k~ 1 B Pk u — B Po u converges to a vector in K when 
k — > 0, thus defining a densily defined operator on H. Furthermore, if p i— > S* is 
Gateaux-differentiable and if the spaces if and X are equipped with fixed scalar products, 
then SxB* C . Indeed, for any -u in the domain of 5xB p , v in the domain of 

SxB* : we have: 



< 5 x B„u,v > K = lim < — —u,v > K 

k.^0 K 

= i im < u? v > 

=< it, SxB*v > 

In particular, the Gateaux-differential at point po of a family of rotations R p of if which 
coincide with identity at point po is antisymmetric. Indeed, differentiating the relation 
R p R p = I at point po, we obtain = —8xR P - Since #x-Rp C (5xR P )* : we find that 

—SxR P C (SxRp)*, which says that R p is antisymmetric. 

Covariant Gateaux-differentiability 

Let 0(V) be the ortho normal bundle and let us associate to any C 1 curve ainV its hori- 
zontal lift a in 0(V) given cr(0). Thus, to a curve ct(k), we associate <t(k) e Isom(if, T Pk V) 
where p K = ct(k). 
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For po E V and X e T po V, define the curve a(n) = exp pQ KX. 

Definition: Let p G V and X be a vector at point p . A vector field V onV will be called 
Gateaux-differentiable at point po in the direction X if, setting ct(k) = exp po K,X = p K , if 
the expression K,~ 1 a(0)(a(K,)~ 1 V(p K ) —a(0)~ 1 V(po)) has a well defined limit inT Po V when 
k goes to zero. This limit is denoted by SxV so that 

S xV = a(0)^- (ff(«)"V(p K )). 

Let p i— > 7^, be a field of operators acting from a dense space D C of a fixed Hilbert 
space H into T P V. The map 7^, will be called Gateaux-differentiable at point po in the 
direction X if for every vector u E D, the vector field T p u is Gateaux- differentiate at 
point po in the direction X. We shall write 5x(T p u) = 5xT p u. 
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Appendix A. Regularizability and minimality of the orbits for a loop group 
coadjoint action 

In this paragraph, we want to investigate the heat-kernel regularizability and minimality of 
the orbits for the coadjoint action of the loop group in agreement with the work by King and 
Terng [KT], who showed they are zeta function regularisable and minimal submanifolds. 
We shall take the same notations as in [KT]. 

Let G be a connected, compact Lie group, g its Lie algebra, (•, -)o a fixed Ad invariant 
inner product on g. Let 

Q e ([0, 1], G) = {g G H\[0, 1], G), g(0) = g(l) = e} 

With the notations of the previous paragraph, we take G = O e ([0, 1], G), which is a Hilbert 
Lie group. The exponential map is given by (Exp£)(t) = exp£(t).We take V = H°([0, 1], g). 

O e ([0, 1],G) acts on H°([0, 1], g) on the left by 

Q e ([0,l],G)xtf>,l],g)^tf°([0, l],g) 

(9, 7) -»• 919 _1 - 9 9~ X =9*1- 

The action is free, smooth and isometric (see [KT] and references therein) . The orbit space 
is G and the map 

7r:ff°([0,l],g)->G 

7-></(l) with 0~V = 7» g(0) = e 

yields a principal fibre bundle structure of H°([0, 1], g) with structure group O e ([0, 1], G), 
the fibres of which are congruent w.r.to isometries of H ([0, 1], g). For g G i? 1 ([0, 1], g), 
7 G i? 1 ([0, 1],G) with g(0) = e, we have * g) = 7r(7)(7(l) _1 . Hence for another 
7 G -ff 1 ([0, 1], g), choosing g(l) = 7r(7) _1 7r(7), we have 7r(7 * g) = ^(7). 

In the following, a denotes the constant loop with fixed value a. 

For fixed 7 G H°([0, 1], g), the tangent map at unit element e G O e ([0, 1], G) to the map: 

7 :Q e ([O, 1],G)-S°([0, l],g) 
9 -> 9*1 

is given by 

r 7 :O ([0,l],g)-^°([0,l],g) 
u — > [u, 7] — u 

where O ([0, l],g) = T g (Q e ([0, 1], G)) = {u G ^([0, 1], g), u(0) = u(l) = 0}. 

Notice that r 7 is the sum of a first order differential operator independent of 7 and of a 
bounded operator which depends on 7. Of course, if G is abelian the 7-dependent part 
vanishes. 
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Let us equip Q with a fixed weak right invariant Riemanian metric defined by the inner 
product 



i,v >= / (u(t),v(t)) c 
Jo 



< U, V > = (u(t)Mt)) a dt 
on the space 

T 5 (fi e ([0, 1], G)) = {u-g,ue H\[0, l],g), u(0) = u(l) = 0} 

by 



<ui-g,u 2 -g>= (u 1 (t),u 2 (t)) dt 
Jo 



where u ■ g = R g *u. 

The adjoint r* of r 7 w.r.to this scalar product is given by r*(£) = [7, £] + £' for £ G 
i? 1 ([0, 1], g), £(0) = £(1) and t*t 7 is self adjoint on 

£>(t 7 *t 7 ) tf 2 ([0, 1], </), u(0) = u'(0) = u'(l)}. 

Notice that it is not injective on its domain since it contains the constant loops. 

Proposition A.l: The orbits are heat-kernel preregularizable and strongly minimal in 
H°([0, 1], g). The preregularized volumes of the orbits are constant. 

Proof: 

Since every orbit contains a constant loop (see [Se] Proposition 8.2 ) and since the action 
is isometric, it is enough to consider the orbits of constant loops. Since the orbits are 
congruent via isometries (see [KT]), is also enough show the heat-kernel regularisability 
and strong minimality of the orbit containing the 0-loop, namely the orbit of 70 = 0. 

Since Kerr^ = {d, a G g}, the normal space to the zero orbit at point is the space of 
constant loops. We therefore want to show that for any e > the operaotr H% is trace-class 
for e > and tr7i| = for any constant loop d, x. 

In order to apply proposition 2.2, we first check the preregularisability of the bundle. 
Frorm the above considerations, follows that it is enough to check assumptions (2.1)-(2.3) 
for po = 0. Let x G g and let t be the maximal abelian subalgebra of g containing x. The 
constant loop x will play the role of the tangent vector X at point po used in the main bulk 
of the paper. Let a = sx, s G [0, 1], so that d lies on the geodesic starting at in direction 
x. The complexified Lie algebra g^ has an ortho normal basis built up from z a , a G A + , 
and dfc, k = 1, • • • , r, r being the dimension of and A + the set of positive roots of G. 
They satisfy the following anticommuting relations: 

[a,z a ] = -ia(a)z a . 

Setting z a = x a + iy a , this yields: 

[a, x a ] = ot{a)y a , [a, y a ] = -a(a)x a , [a, a t ] = 0. (A2) 
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Let f2 e ([0, 1], G)d7 denote the complexification of O e ([0, 1],G) and O e ([0, 1], G)$ its clo- 
sure w.r. to the hermitian form H(-, •) induced by the L 2 scalar product <•,■>. An 
ortho normal basis of O e ([0, 1], G)^ is given by 

z n ,a(t) = z*e 2 ™ nt , a k , n (t) = a k e 2 ™ n \ n G Z, a G A+ k = 1, • • • , r. 

This yields an orthonormal basis of the (real) L 2 closure O e ([0, 1], G) of O e ([0, 1], G): 

r a,n = v^2Fte(z ajn ) , s ajn = \pl Im(^ ajn ), 
pk, n = V2Re(a k ,n)^k,n = v / 2Im(a fcjn )(n ^ 0) 

An easy computation using definition (A.l) and relations (A. 2) shows that for u = J2 a n w a ,n-2a,n+| 

Efc,n Vk,na k , n G ^e([0, 1], G) # 

T a( u ) = ^2( ia ( a ) ~ 2inn)u a , n z ain - ^2(2inn)r] kjn a kjn 

a,n k ,n 

which yields: 

ra(r a , n ) = (27m - a(a))s a ,„, T?Ta(r a , n ) = (2nn - a(a)) 2 (r a , n ) 

Ta(s a ,n) = (-27m + a(a))r a>n , r ( ?r a (s a)n ) = (2nn - a(a)) 2 (s Qjn ) 
Ta(pk,n) = -2nna k ^ T?Ta(p k , n ) = (27m) 2 (p k , n ) 
Ta{o k ,n) = 2nnp k) n, T?T & (a kjn ) = (27m) 2 (a k , n ) , (n ^ 0). 
This proves that the operator r^ra has purely discrete spectrum given by 

(2nn — ct(a)) 2 , (2ivn + a(a)) 2 , n G IN* ( each taken with multiplicity 2 ), 
(a(a)) 2 , a G A + ( taken with multiplicity 2 ), 
(27m) 2 , n G W*( each taken with multiplicity 4r), 
0( taken with multiplicity r) 

Clearly the eigemvalues beahve asymptotically as (27rn) 2 so that the first assumption for 
a preregularisable bundle is satisfied. Each of these eigenvalues is clearly differentiable as 
a function of a and we set 

/£*(«) = fc(Aj)e-^ 

For A^ = (27m — a(a)) 2 or A^ = (27m + a(a)) 2 , we have (3^ x = 4nna(x)e~ t( - 27Tn ^ 2 . For 
A" = (27m) 2 , f3^ x = 0. Hence j3^ x which is independent of a satisfies J2 n \Pn' x \ < 00 which 
proves (2.1) and (2.2) then follows easily. The bundle is therefore preregularisable. 
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From lemma 3.1 and the fact that G is equipped with a fixed Riemannian structure then 
follows that the spectrum of H% is purely discrete and given by 

(/£,n E 1N) = ( ^ e -*<*™> a , Z^L e ~^\ae A + , n G IN* 
0, •••,0( r times), nE IN*) 
which coincides with the expression obtained by [KT]. 

Applying proposition 3.2, we have that 7i| is trace class, a i— > det £ (r?ra) is Gateaux- 
differentiable in the direction £ at and 

tr^l = -^xlogvoi;(O a ) (*) 

where 0„ is the orbit of a and vol' £ is to be understood in the sense of proposition 3.2. 

Since the l.h.s of (*) is the general term of an absolutely convergent series, we can reorder 
the terms and write 

5 x h £ (r* a ra) = 2j2^ £ n £ +^-i)=0 

nEJN 

so that 

trW| =< grad log det e (r|r a ),x > 6 = 

Thus the orbits are heat minimal the preregularized volumes of the orbits are constant. ■ 
Remark: This confirms the fact proved by King and Terng [KT] that the orbits are zeta 
function regularizable and minimal and that the zeta function regularized volume of the 
fibres are constant. 

Appendix B. Gauge orbits for Yang-Mills theory 

In this appendix, we confront the notions of regularity and minimality based on heat-kernel 
regularizations developped above with those developped in [MRT1] based on zeta function 
regularizations in the case of Yang-Mills theory. This appendix does not offer new results, 
its only purpose being to relate the general framework developped in the bulk of this paper 
with the concrete example of Yang-Mills theory. This appendix is loosely written and we 
refer the reader to [MRT1] for a precise presentation of the case of Yang-Mills orbits. 

The comparison of these two approaches shows that even in this particular example, 
they are not equivalent in general. Only in very particular cases does the notion of heat- 
kernel minimality coincide with that of zeta function minimality. 

For the description and results that follow, we refer the reader to [KR], [FU] and [MV] (and 
many other references mentioned therein) where the gauge action in Yang-Mills theory was 
investigated in details. 

Let 7r : P — > P/G ~ M be a smooth principal bundle over an n-dimensional smooth 
oriented manifold M, where G and M are compact connected, G being a Lie group with 
Lie algebra g. We shall specialise G to a matrix group here. 



35 



If we allow manifolds with boundary, we recover the framework dual to the one described 
in section II (in the sense that the action on the left on g valued vector fields there is 
replaced here by an action on the right on g- valued forms) , when applying the setting we 
are about to describe to M = [0, 1] with Dirichlet boundary conditions. However, for the 
sake of clarity, we take M boundaryless here and have treated the dimension 1 case with 
boundary separately in section II. 

Automorphisms of P are described equivalently 

1) as fibre preserving homeomorphisms <p : P — > P commmuting with the G-action 

2) as continuous sections of the principal fibre bundle Eq = P xg G associated to P, 
given by the quotient of P x G by the right action 

(PxG)xG^PxG 

(P,9i) (p- 9,9^919) 

which is free and proper. 

3) as continuous functions (j) : P — > G satisfying 

<P(p ■ g) = 9~ 1( P{p)9 

A connection on P can be described equivalently as 

1) a subbundle A C TP such that 

a) 7r*A p = T^tfM and A p n T p F^^ p) = {0}, 

b) A p . g = (R g )*A p , for g e G,p e P. 

where F x is the fibre over x. 

2) a g- valued one form A on P such that 

a) VX G g, Vp E P, A(r p X) = X 

b) V<7 eG.Wve T p P, A p . g (R g )*v = Adg^A^v). 

The action of automorphisms on connections can be described as follows. An automor- 
phism 4> of class C 2 acts on a connection of class C 1 in the following way: 

(0 • A) m = T p <f> ■ A p (BA) 

Expressing A in terms of g-valued one forms and i^asaG valued function on P, we have 

(<f> ■ A) p = Ad<p(p) o A p - R~l p> o T p( f> 

It is clear from this formula that <p- A = A VA if and only if <p is constant and Ad<p = Id, 
i.e 4> G Z(G), the center of G. 

Let us, with the notations of section I, describe the group G. Let k > ^ + 1 be an integer 
and let G k denote the automorphisms of P of class H k , i.e the group of H k sections of the 
bundle Eg, which is a Hilbert Lie group modelled on H h (E s ) : the space of H k sections of 
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the adjoint bundle E s which is the vector bundle associated to P with fibre g defined as 
the quotient ofPxg for the action of the group G given by: 

(Pxg)xG^£ g 

((P»0»#) ~* (p-9,adg£) 

H k (E s ) can also be seen as the space of H k g valued equivariant functions on P: 

H k (E s ) = {0 e H h (P,g),Vg eG,Vpe P,<f>(p-g) = <rVbM 

Let now G k denote the quotient of G k by its center. It is also a Hilbert lie group modelled 
on H k (E s ). With the notations of section I, we set G = G k+1 . 

Let us now, with the notations of section I, describe the manifold V on which G acts. 
The space A h of connections of class H k is a closed affine subspace of the Hilbert space 
H k (g®T*P) of H k . By the Sobolev embedding theorems, H k connections are of class C 1 
and H k+1 automorphisms of P of class C 2 . H ence G k+1 acts on A k and we shall call a 
connection A e A k irreducible when {0 £ G k , • A = A} is reduced to the constant map 
with value 1. Let A k denote the space of irreducible connections in A k . It is a Hilbert 
manifold modelled on H k (g <g> T*P). We shall set V = A k . 

We shall consider the following action of G on V: 

G k+1 xA k ^A k 
(0,j4)->0.j4 

where • A is given by (B.l). 

One can show that for k > § + 3, the action of G on V is free, smooth and proper and 
that the canonical projection V — > V/G yields a principal fibre bundle structure on the 
moduli space V/G. 

The space A k can be equipped with a G-invariant L 2 (hence weak) Riemannian structure 
given by 

<«,/?>= J^(a(p),p{p))dn{p) 

where \x is a smooth G-invariant measure on P (recall that G is compact), a, [3 g valued 
one forms on P and (•, •) the bundle metric in g®T*P induced by an AdG invariant scalar 
product on g and a G invariant Riemannian metric on P. The group G is equipped with a 

fixed L 2 G-invariant structure in a similar way. The Riemannian structure on A induces 
a Riemannian connection (see e.g [KR]). 

For given A e A k , the tangent map at the constant map with value 1q to 

9 A : G 1 ^ 1 -> A k 
0^0-A 
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(B.2) 



t a : H k+1 (E S ) -> H k (g®T*P) 

\^ad\oA-T\ = -V^A 

where is the covariant derivative in the associated bundle E s defined by the connection 
A on P or equivalently = V + [A, ■] where V is the covariant derivative g — > g <S> T*V 
defined by the Riemannian metric on V. Notice that taking M = S , we recover formula 
(A.l ). Notice that when G is abelian, ta = — V so that ta is independent of the choice 
of the connection A. It is easy to check that for an irrreducible connection A, the map ta 
is injective. 

For a C°° connection, if r* A denotes the adjoint of ta w.r. to the L 2 structure on V and on 
G, the operator t* a ta is an elliptic operator of order 2 with C°° coefficients (see e.g [KR]). 
It is by now a well known result that t* a ta satisfies assumptions (2.1)-(2.5) (see e.g [MRT1]) 
so that an orbit Oa f° r the action (B.2) is regularisable given the assumption that the 
dimension of the kernel of t* a ta is locally constant around Aq. This last assumption is 
discussed in [MRT1]. Hence the following conclusions: 

1) The orbit of any smooth irreducible connection is regularisable. It is minimal if and 
only if it has minimal heat kernel regularised volume among orbits of the same type. 
If the group G is abelian, the orbit of any smooth irreducible connection is (strongly) 
minimal. 

The proof of this statement in the general case follows from proposition 3.3. The result in 
the abelian case follows from proposition 3.2 using the fact that t\ta is independent of A 
and hence so are its eigenvalues since they only involve the Riemannian structures on P 
and g but not connections. 

2) If the dimension of M is odd or equals 2, the two notions of minimality (heat-kernel 
an zeta function minimality) coincide and if the dimension of M is 4, this holds for 
smooth irreducible Yang-Mills connections. 

To prove this statement, we check that the Gateaux differential in any horizontal direction 
X of the coefficient bo in the heat-kernel expansion vanishes which then yields the result 
by proposition 3.3. 

By [G], we know that it vanishes when the dimension of M is odd and that when 
dimM=2, bo(A) = c\ f M s(g) + (dim AdP)(Vo\M) where c\ is a constant, s(g) the 
scalar curvature of a metric g on M so that it is independent of A and Sxbo = 0. 
When dimM=4, bo(A) = 02(g) +C3 f M ti\FA\ 2 , where Fa is the curvature of A, where 
02(g) only depends on the metric g and C3 is a nonzero constant. Since Yang-Mills 
connections are exactly the ones which extremise the Yang-Mills functional f M |-Fa| 2 , 
we have S x b = 5 X f M \F A \ 2 = 0. (see [MRT1]). 
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